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Sums and differences of powers

=1
a->b
2 12
ag_: =a+b
313
@ -b =a®+ ab + b?
a->b
474
a-b =a®+a’b+ab® +b°
a-b
5_15
4 Z:a4+a3b+¢12b2+ab3+b4
a—
ab — bb
Py =a® +a*b+ a®b? + a’b® + ab* + V°
a -bv
> =a® + a®b + a*bv? + a®b® + a?b* + ab® + b°
a8—b8
— =a +a®b+ a°b? + a*b® + a®b* + a®b° + ab® + b’
&b
Py =a®+a’b+ a®b? + a°V® + a*b* + A®V° + A?b° + ab” + 1B
a+b
a+b_1
a? - b?
a+b =a-b
3,13
@ +b =a®> - ab+b?
a+b
474
@ -b =a®-ad’b+ab® -b°
a+b
5,15
aa:l; =a* - a®b+ a®b* - ab® + b*
6 _ 16
aa+ll; =a® —a*b+a®v? - a’b® + ab* - b°
a +bv

=a® - a®b + a*v? - A®V® + a?b* — ab® + b°

a+b



=a’ —a®b+a’b? — a*b® + a®b* - ®° + ab® - b’

a+v

e a® —a’b+ a®b? - a°b® + a*b* - a®b° + a?b° — ab” + b®
a+



Pascal’s triangle

(a+b)° =1

(a+b)l=a+b

(a+Db)? = a®+2ab + b?

(a+b)® =a®+3a%b +3ab* + b°

(a+b)* = a* + 4a°b + 6a*b* + 4ab® + b*

(a+Db)° = a® +5a*b + 10a°b* + 10a°b® + 5ab* + b°

(a+Db)°® = a® + 6a°b + 15a*b? + 20a°b° + 15a°b* + 6ab’ + b°

(a+b) =a’ +7a° +21a°b* + 35a*b> + 35a°b* + 21a°b° + 7ab® + b’

(a+Db)® = a® +8a’b +28a°V? + 56a°b° + 70a*b* + 56a°b° + 28a°b° + 8ab” + b®

(a+b)? = a’ +9a°b + 36a’b? + 84a°b° + 126a°b* + 126a*b° + 84a°b® + 36a*b” + 9ab® + b’

The coefficients from the right side form Pascal’s triangle:

1
1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 56 28 8 1
1 9 36 84 126 126 84 36 9 1

For reference, we imagine the rows being numbered 0, 1, 2, 3, etc. from the top. For example, row
4 has the numbers 1, 4, 6, 4, 1.

We also imagine the columns being numbered 0, 1, 2, 3, etc. from the left. For example, column 1 in
row 4 is the number 4; column 2 in row 4 is the number 6.

4
We denote the number in row r, column ¢ by the symbol <Z> For example, < 2> =6.

r
1. In row r, the columns are the same whether numbered from the left or the right; that is, ( >
c

(2)



2. Any number is the sum of the two numbers just to the left and the right in the row above it; that is,
= + .
c c-1 c
3. The number <Z> is the number of combinations of r objects taken c at a time. This means that if

r
we have a set of r objects, there are < ) different subsets that contain c objects.
c

!
The number 1 x2x3x---x (n—1) xn is called the factorial of n and is denoted n!. Since (n—-1)! = %,

it is easy to see that 0! = 1.

r!

4. For any number in Pascal’s triangle, <Z> = G o

5. The sum of all the numbers in row r is 2”. The sum of all the numbers in all rows above row r is 2"1.



Continued fractions

ZCk=C0+ e
k=0 o1
1- )
[ R
1+C1 o
G _
1+C2 =
[T
1+C3 &
s _ 55
1+C4 &
c _ 56
1+C5 &
e _ 7
1+C6
- a
€0
1- a
a_ “a
1+C0 o
[ R—
1+C1 =
@G _ 9
1+C2 =
ca _ G
1+C3 B
s _ 5
1+C4 &
@ _ %
1+C5
C1
=cy+
0 1_C2
C1C3
c1+C — C2Ca
Cr+C3— 303
C3+Cq — CaCe
Cq4 +C5 — CsCy
Cs + Cq — CaCs
Co+C7r— —
ch: C1
- 1_C +C —COC2
0 1 C1C3
CcC1+C— C2Ca
Cr+C3 — 305
C3+Cq — CaCe
Cq4+C5 — foters

Cs+Co — —



k
2l vm=ar
k=1 n=1 1 T
3
1+Y2— Ya
1+Y3— Y5
1+Y4— Yé
1+Y5— Y7
1+Y6—
1+y - —
[ee)
11X
3 ek = oo+ SX
2 x
k=0 1 c1
- c
Ccy [&]
1+2 - &
c3 C3
1+C2 =
a _ o
1+C3 T
cs5 C5
1+C4 T
G _ %
1+C5 )
C7_C7
1+C6
Co
l—g’x
c1
1+a %
1+ 2 ot
3 _
1+C2 =
1+ < o’
1+%
6 _
1+C5




1+y)n

[Ta+y) =1+y+
k=0

1-2

C3
1+c—

1+C3—

1 +y)n

C4

Cs

1+cs— e

1+c¢5-

=1l+y+
& _(d+y)p

Y1

Y1+ 1+y)y-

Y«

=(1+vyk
k= (1+n 1)Yk—1

1+1)y

(1+73)ys

2+ 1+ -
B+ (1+y3)7-

1=

(b1 =1)ba(b3 - 1)

byb; — 1

(1+x)k:1

_ (b2 —1)bs(by - 1)

T +y)ys

_ (b3 —1)by(bs - 1)

bsby -1
b4b5 —1- (b4 - 1)b5(b6 - 1)

bsbs — 1

1_kx

1+

1-11+k)x

2+

1-2(1-k)x

2-3(1+k)x
2-4(1-k)x
3.5(1+k)x

L 3-6(-k)x

3+

4+

5+
6

_ (b5 —1)bs(by - 1)



Solution of the general linear equation

ax+b-b=-b
ax=-b
ax -b
a a




Solution of the general quadratic equation

ax* +bx+c=0, a#0
ax*+bx+c—-c=-c

ax? +bx = —c

x+£—:i: b% - 4ac
2a 4q2
+£_ vb? —4dac
2a V(2a)?
+£_£__£i\/b2—4ac
x 2a 2a 2a \/(2a)?
_b:i:vbz—4ac
B 2a
b+ b2 -4ac
X=—-——
2a
. b-+Vb? -4ac
T 2a

10



Solution of the general cubic equation

ax® +bx’>+cx+d=0, a#0

b
Xzy—g

o(v- ) o (u- L) ve(u- L) vano
() ) (2 ) () (2) ) (o) oo

b2 5 2 P be
3_b 2 o, b 2 _ =7 I _ = d=
Wbyt Y Y g Yt gty 5, +d=0

a3+<b—2—2—bz+c> +<—b—3+b—3—ﬁ+d>—0
Y 3a 3a y 27a>  9a* 3a B

s <b2 v . 3ac> . (_ b’ . 30> 9abc . 27a2d> 0o
Y 7"\32 32 "3 )V \wa T we w2t a2 ) T

ayf + <b2 -2+ 3ac>y . —b® +3b° —9abc +27a’d _ 0
3a 27a?
af + <3ac - b2> . 2b° —9abc +27a°d _ 9
3a 27a?
3, <3ac—b2> 2b% - 9abc + 27a*d o
v 3a2 27 -
_ 3ac-b?
© 3a?

_ 2b* - 9abc +27a’d
1= 27
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Y -Buvy+ul+0° =0
Y+ (SBuv)y + 1w’ +0° =0
Y +0y? + (~uv - uv)y +uP +v° =0
V+u-u+v-0)y*+ @ -1 —uv-2uv+0* -0 )y +u’ +0° =0
Y+ u+0)y’ + (~u-0)y* + (1 —uv + 0*)y + (-u* - 2uv - v*)y
+( +v*v - v+ uv* —uv® + %) =0
v+ u+o)y - (u+0)y? + (1 —uv + 0¥y — (U + 2uv + vy
+(1® - 1o + uv® + v —uv® +0%) = 0
Y+ u+o)y' - u+o)y* + (WP —uv+0*)y - (u+0)*y + (u+v) (1 -uv+0*) =0

(y+@u+0)(y* - w+o)y+ @ -uv+0?)) =0

y+u+v)=0

ylz—u—v

V- (u+v)y+ @ -uv+0*) =0

u+v+/(u+0)?-4(1)(u? - uv + v2)

y= 2(1)
U+0+ VU2 +2uv + 02 — 412 + 4uv — 402
y= 5
u+v++vV-3u2 + 6uv — 302
y= 5
u+v+/-3u2 - 2uv + v?)
y= 5
Y= u+v+/-3(u-1v)>?
B 2
Y= u+v+vV-3v(u-0)>?
B 2
u+v+iv3(u-0v)
y= 5

u+v+iV3(u-10v)
2

Y

u+v—-iV3(u-1ov)
Y3 = 5

13



Solution of the general quartic equation

ax* +bx® +cex’> +dx+e=0, a#0

b
x=y—g

b\* b\’ b\’ b
a( —E> +b(y—5> +c<y—g> +d<y—E>+e—O

a4_b3+3_b2 2_b_3 +b_4+b3_3b2 2+£ _b_4
Y= 7 32Y " 16a2Y T 2563 Y T 2a? T 1622V 6aa

+c2—E +b2c+
Y 22" 1622

44 3—bz—%+ 2 b—3+3—b3—E+d + LA +b2c—%+ =0
Yy <8a 4a C>y <16a2 1622 2a )y <256a3 64’ | 162> 4a e>
ayt + (3192 -6b* + 8ac> S+ <—b3 +3b® — 8abc + 16a2d> y

8a 1642

0

. <b4 - 4b* + 16ab?c — 64abd + 256a36>
256a3

ayt + <8ac - 3b2> S+ <b3 —4abc + 8a2d> Yo <b4 - 4b* + 16ab’c - 64a’bd + 256a3e>
8a 8a? 256a°

e <8ac - 3b2> R <b3 —4abc + 8a2d> Y <b4 - 4b* + 16ab’c — 64abd + 256a36>

8a? 8ad 256a*

e 8ac — 3b?
T 8a?

b® — 4abc + 8ad
8ad

S =

. -3b* + 16ab’c — 64a*bd + 256a°e
- 256a*

14



yirryt+sy+t=0

z? 52
T4 T 4iz-n
2%z -7) 52

t

T 4(z-71) _4(z—r)

_ Z%(z-1)-¢?

b= 4(z-71)
4(z-r)t=4(z- r)%
dz-r)t=2*z-1)-5>

Atz —4rt =2 —rz> - &2

Atz —4rt — 4tz +drt = 2° —rZz? — % — Atz + 41t

0=z —rz? -4tz — % + 4rt

_3(1) (4t = (=1)?
- 3(1)?
12t -12
=
_ 2(=1)3 = 9(1) (=r) (—4t) + 27(1)2 (5> + 4rt)
7= 27(1)3
—2r3 —36rt — 275* + 108rt
27
213 + 72rt — 2752

—r
Z1 -u 'U—s—l)— u-ov 3
—12t—12
P=73

27
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. ) 22 SZ 0

y+Ty +Sy+z—m—
Yrryt+s +Z—2—S—2+z Z-ry*-s +S—2—+zz—r 2 -5 +S—2
Y o Y T a ) TR T T T i Ty TR Y TS T i T

2 2
VAR TR Y S T

2 sy(z-r) s (z-r)
-y - z—r +4(Z—7”)2
2

)
>2 = (z-71) (yz - Zs_yr * 22(zs— r)2>
)
)

2(z-71)
e
2(v27)
y2+§=:|:\/ﬁy:|:2\/zsj
y2+§¢\/ﬁyi2\/5fr=ﬂ:\/ﬁy*2\/jﬁ?myi2 zs—r
y'F Z_rwiﬂtzx/zsfr=
yZ—\/ﬁy+§+2\/§j=

- (VE (Va4 (34 )

y= 2(1)
y= 2
2

. Vz-rEy[-z-r+ 2=
y= 2

2s

Z—1+ -zZ—-1r+
zZ—r

= 2
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VETT-qf-z-r+ ZZS_T
Y2 = >

2 zory+i-—2 -0
Y 20Ty 2 2J/z-r

-(vE) i\/(\/ﬁf -4 (3- 7=)

y= 2(1)

—zZ-r+\/z-1-2z-E
_ zZ-T

¥y= 2

Vz-rEy[~z-r- 2=
y= 5

2s

Z-r

—Vz-r+|-z-T-
Ys = 2

VETT—g|-zor- ZZS_r
Ya= 3
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